In this work, we explore different aspects in which strong magnetic fields play a role in the composition, structure and evolution of neutron stars. More specifically, we discuss (i) how strong magnetic fields change the equation of state of dense matter, alter its composition, and create anisotropies, (ii) how they change the structure of neutron stars (such mass and radius) and the formalism necessary to calculate those changes, and (iii) how they can affect neutron stars' evolution. In particular, we focus on how a time-dependent magnetic field modifies the cooling of a special group known as X-ray dim neutron stars.
Introduction
Since the detection of a soft gamma repeater in 1979 and an anomalous X-ray pulsar in 1981, people became interested in neutrons stars that could be powered by their strong magnetic field. In 1992 and 1993, Duncan and Thompson proposed the magnetar model [1, 2] and, since then, approximately 30 Soft-Gamma Ray Repeaters (SGRs) and Anomalous X-Ray Pulsars (AXP's) have been observed [3] with thousands of them being expected to exist in our galaxy. Today, these two kinds of objects are understood as being one class of objects, magnetars [4] [5] [6] . In recent years, several measurements have shed new light on the strength of magnetic fields on the surface and in the interior of neutron stars. While measurements using anharmonic precession of star spin down have estimated surface magnetic fields to be on the magnitude of 10 15 G for the sources 1E 1048.1−5937 and 1E 2259+586 [7] , data for slow phase modulations in star hard X-ray pulsations (interpreted as free precession) suggest internal magnetic fields to be on the magnitude of 10 16 G for the source 4U 0142+61 [8] . Together, these estimates have motivated a large amount of research on the issue of how magnetic fields modify the physics of neutron stars.
In addition to the objects discussed above, magnetic fields are a key aspect in the evolution of neutron stars. Particularly interesting are the objects known as X-ray dim neutron stars (XDINS). These objects show bright soft X-ray emission, exhibit blackbody-like spectra, and have high temperatures with respect to their spin-down age. In fact, one of the most puzzling aspects of the XDINS is that their spin-down properties (period and period derivative) indicate old ages (the so-called spin-down age), which is unexpected, considering their high observed temperatures.
Motivated by the scenarios discussed above, in this work we will discuss the most prominent aspects of magnetic field for the composition, structure and evolution of neutron stars. Initially we will focus on the microscopic aspects and, in particular, how magnetic fields may change the equation of state of dense matter through Landau quantization, which generates pressure anisotropies, and affect the particle composition. After that, we will concentrate on the macroscopic aspects, in particular on the question of how strong magnetic fields change the structure of neutron stars (such mass and radius), we will also briefly discuss the formalism which is necessary to take care of the anisotropies generated by the magnetic field. Finally, we are going to discuss how magnetic fields may affect neutron stars' temporal evolution, particularly, we expand on the idea that the spin-down age may mask the true age of the neutron star if its magnetic field experiences a non-canonical behavior, namely if it is evolving with time. We note here that in this work we will address these three fronts (microscopic, macroscopic and evolutionary) in a up to some extent independent manner, given the significant challenge that is to treat all of them on the same footing. Our ultimate goal is to build a framework in which such treatment may be viable, thus in here we lay the ground work for such investigation and present our perspective to performing such self-consistent overarching study.
Microscopic Aspects
The inclusion of an external magnetic field in one direction generates the quantization of energy levels in the directions perpendicular to the magnetic field, what is referred to as Landau levels. These levels are related to the particles' angular momentum quantum number, but also charge and spin. The levels are degenerated, except for the zeroth level. This formalism was originally derived for the non-relativistic case by Landau [9] . In the case of finite temperature, Landau levels are summed from zero to infinity but, in the special case of zero temperature, there is a maximum Landau level beyond which the particles' Fermi momenta in the direction of the field become negative. As a consequence, the 3-dimensional integrals for the thermodynamical quantities become 1-dimensional but summed over all the possible levels. On one hand, very strong magnetic fields restrict the summations to the lower Landau levels, whereas very week fields require summations over many levels, becoming at some point continuous. In this case, the integrals become once more 3-dimensional. This formalism, when applied to neutron-star matter with homogeneous magnetic fields [10] [11] [12] [13] [14] generates softer equations of state, as the enhancement of charged particles also turns the system more isospin symmetric. Of course, a possible suppression of hyperons by the magnetic field has exactly the opposite effect on the equation of state (as hyperons turn the equation of state softer) and phase transitions to quark matter can have different effects [15] .
In addition, the energy momentum tensor becomes anisotropic, as the pressure in the directions parallel and perpendicular to the magnetic field become distinct. This issue first raised by Canuto [16, 17] happens due to an extra contribution from the fermions, which move in their quantized orbits perpendicular to the external magnetic field. This issue was recently revisited in recent publications [18] [19] [20] . Another effect created by the magnetic field concerns its interaction with the fermions' spin, the anomalous magnetic moment [18, 21] . In this case, the magnetic field turns the equation of state of hadronic matter stiffer, due to a modification of the amount of particles with different spins (polarization) [22, 23] . For quarks, the efficiency of anomalous magnetic moment has been estimated to be very small [24, 25] .
As it is going to be shown in the next section, the effects discussed above concerning stiffness and anisotropy of the equation of state and particle population do not have a substantial effect on macroscopic properties of neutrons stars, such as stellar masses [26, 27] . On the other hand strong magnetic fields decrease substantially the central density of neutron star. In this case, the particle population inside a neutron star can be substantially modified, as shown in Figure 1 . As explained in detail in Ref. [27] , very strong magnetic fields (but still realistic) can suppress not only a phase transition to quark matter, but also the appearance of hyperons (bottom panels of Figure 1) . But, interestingly, as the magnetic field strength throughout the star decays over time (more details about magnetic field temporal evolution in Section 4), an increase in central density or chemical potential allows the appearance of hyperons and then quarks, as shown in the top panels of Figure 1 . These calculations were performed by solving numerically the Einstein-Maxwell equations at fixed baryon mass M B = 2.2 M using the chiral mean field (CMF) model [28] . Another relevant question is how much does the magnetic field vary inside neutron stars. As already pointed out by Menezes et al. in Ref. [29] , ad hoc formulas for magnetic field profiles in neutron stars do not fulfill Maxwell's equations (more specifically, Gauss' law) and, therefore, are incorrect. The Ref. [30] showed that strong magnetic fields inside magnetic neutron stars increase quadratically with baryon chemical potential in the polar direction and not by more than one order of magnitude when solving the Einstein-Maxwell's equations. This study was performed independently for several different equations of state but did not provide profiles for the magnetic field strength in the stellar equatorial direction, as those are much more complicated.
Macroscopic Aspects
Following the microscopic discussion we now address how the magnetic field may alter the macroscopic properties of a neutron star. For that we must fully describe magnetic field in a general relativistic environment as well as the deviation from spherical symmetry that are associated with it. Since the seminal paper by Oppenheimer and Snyder [31] , most of the work dedicated to the problem of general relativistic sources, deal with spherically symmetric fluid distribution. In reality, the study of self gravitating compact objects one usually assumes that small deviations from spherical symmetry are likely to take place. Such small deviations are not appropriate for stars with strong magnetic fields where a full axially symmetric treatment is necessary to properly describe the system. The population statistics of SGRs suggest that more than 10% of neutron stars are born as magnetars, with their magnetic field decaying as they age [32] [33] [34] . Hence it seems likely that some mechanism is capable of generating large magnetic fields in nascent neutron stars.
In this section we will describe such highly magnetized neutron stars as a perfect fluid coupled with a dipolar magnetic field. First, we will discuss the theoretical aspects relevant to the magnetic field role on the structure of neutron stars, more specifically, we will discuss conservation equations, which will be written in terms of three quantities -whose physical interpretation will be given. Furthermore, we will also discuss calculations of highly magnetized neutron stars, whose structure have been calculated numerically. We will discuss how the presence of a strong (albeit realistic) magnetic field affects global, and potentially observational properties of neutron stars such as gravitational mass and radius.
Formal Aspects of the Magnetic Field on the Structure of Neutron Stars
Now we briefly discuss the formal aspects of the magnetic field in the stellar structure and gravitational equations in the context of Einstein's general relativity. We begin by considering a bound, static and axially symmetric source. The line element may be written in cylindrical coordinates as
where we identify x 0 = t, x 1 = ρ, x 2 = z, x 3 = φ and A, B, D are positive functions of the coordinates ρ and z. In the Weyl spherical coordinates, the line element (1) is
where ρ = rsinθ and z = rcosθ. We denote the coordinates as x µ = (t, r, θ, φ), and A(r, θ), B(r, θ), D(r, θ) are three independent functions. The sources of curvature in Einstein's general relativity is represented by the energy-momentum tensor. For a magnetized neutron star, we describe the system as a perfect fluid coupled to a poloidal magnetic field. The perfect fluid assumption simplifies the mathematical treatment dramatically, however, there has also been research considering spherically symmetric dissipative and anisotropic fluid distribution and some of them with analytical solutions (see for instance [35, 36] . As mentioned at the beginning of this section, highly magnetized neutron stars should be modeled using an axially symmetric metric tensor which increases the complexity of the problem considerably.
The motivation behind the assumption of a poloidal magnetic field is that such assumption is compatible with the circularity of the space-time [37] . It is important to note, however, that nonnegligible toroidal magnetic fields are likely to exist in neutron stars, making the study considerably more complicated. The study of toroidal magnetic fields, in addition to poloidal ones is beyond the scope of this work.
Following the scenario discussed above, the energy-momentum tensor for the system is written as that of a perfect-fluid in addition to the energy-momentum tensor of the electromagnetic field,
The perfect fluid (PF) contribution is
where ρ and P are, respectively, the rest-frame energy density and pressure, u µ is the fluid 4-velocity with u µ u µ = −1. The electromagnetic part (EM) in (3) is
where the Maxwell tensor F µν is defined in terms of the electromagnetic 4-potential A µ as
We are interested in describing a distribution without free-charge and with only poloidal magnetic field, thus the electromagnetic 4-potential is written as
The matrix form of F µν is written as
and the electromagnetic energy-momentum tensor is
where the non-vanishin components, in terms of the electromagnetic 4-potential, are given by
Now, inspired by Equation (10) we define the following electromagnetic quantities
It is important to realize that these components are not exactly the components measured by the Eulerian observer, but rather convenient definitions of electromagnetic functions that allow us to write the components of T EM in a more intuitive manner, as
Here, if we want to fully comprehend the physical meaning of the components of the electromagnetic energy-momentum tensor, we must draw a parallel with its flat-space counter-part, given (in S.I. units) as [38] 
where
Ex B is the Poynting vector and the components σ ij are given by
The first term in Equation (18) is easily identified as the electromagnetic energy density, the other terms in the diagonal, i.e., σ xx , σ yy , σ zz can be read as the electromagnetic pressure and the terms σ ij for i = j represents shear stress.
Inspired in the electromagnetic energy-momentum tensor for flat space-time, we define the following quantities
With these definitions, the matrix form of the electromagnetic energy-momentum tensor looks like
From Equation (23) we can extract the following properties for T EM : it is symmetric, traceless and the component T EM00 is positive definite, which are the expected properties of an electromagnetic energy-momentum tensor. One must note that Equation (23) correspond to the mixed components of the electromagnetic energy-momentum tensor, whereas the properties just defined are related to the contra-variant components.
Combining Equations (4) and (23), the matrix form of the energy-momentum tensor describing a perfect fluid coupled with a poloidal magnetic field for the line element (2) is
The first term, i.e., T 00 in Equation (24) represents the total energy density of the system which comes from the perfect fluid distribution and the electromagnetic field, through the quantity W; the others diagonal terms correspond to the pressure and as we can see the quantities Π and W, which depend on the electromagnetic four potential, and compose the total pressure of the system. Finally, the off-diagonal terms depend only on the electromagnetic four potential and represents the shear stress of the system σ.
With the goal of providing a physical interpretation to the quantities W, Π and σ we now derive the conservation equations for a perfect fluid coupled with a poloidal magnetic field and compare these equations with those obtained in [39] where no electromagnetic contribution was considered.
The non-vanishing components of the conservation equations T µν ;ν = 0 for the energy-momentum tensor (24) are For µ = 0ρ
where the dot denotes derivative with respect to t. Equation (25) is a consequence of the staticity. The other non-vanishing components are
where f and f ,θ means derivative with respect the coordinates r and θ, respectively. Equations (26) and (27) are the hydrostatic equilibrium equations. In the special case of vanishing magnetic field and istropic fluid, these equations correspond to the Tolman-Oppenheimer-Volkoff Equations [40] [41] [42] . Herrera et al. [39] , studied axially symmetric, static bound sources. The matter content considered for the authors in a local Minkowski coordinates (τ, x, y, z) is given bŷ
where µ, P xx , P yy , P zz , P xy = P yx denote the energy density and different stresses, respectively, measured by a local Minkowski observer. In a spacetime described by (2), the canonical form of the energy-momentum tensor is
with
The conservation equations calculated by [39] are
Comparing Equations (26) and (27) , which describe a perfect fluid coupled with a poloidal magnetic field, with the hydrostatic Equations (33) and (34), calculated in [39] , which describe an anisotropic fluid (without electromagnetic contribution), we can read the quantities ρ + W as the total energy density of our distribution. In fact, the definition of W given by Equation (20) remind us of the typical definition of the electromagnetic energy density. The quantity 2Π can be read as the anisotropy of the distribution, and it is a direct consequence of the poloidal magnetic field. The quantity σ given by (22) can be identified as the shear stress experienced by the fluid. The quantities W + Π and W − Π can be read as an anisotropy defined with respect to z-axis. In conclusion, if we apply the Bondi approach [43] then a locally Minkowskian observer measures, for the perfect fluid coupled with a poloidal magnetic field, ρ + W as the total energy density, 2Π as the anisotropy caused by the different components of the magnetic field and σ as the shear stress experienced by the fluid.
Global Structural Properties
In the previous section we have addressed the formal aspects of the magnetic field in a general relativistic, axis-symmetric environment. Such studies are useful in aiding us in understanding how the presence of a poloidal magnetic field alters the geometry of star and to properly identify relevant quantities such as anisotropy, shear stress and energy density. One must, however, resort to numerical calculations if one wants to quantitatively describe such alterations in the structure of neutron stars. With that in mind we now move forward to discuss numerical results of the effects of magnetic fields on macroscopic stellar properties, obtained from using the LORENE (Langage Objet pour la RElativité NumériquE) code [37, 44] . In this axisymmetric formalism, a global poloidal magnetic field is generated though a global current and the field strength generated depends on the stellar radius, angle θ (with respect to symmetry axis), and dipole magnetic moment µ, being different for each equation of state. Note that different approaches agree that the maximum central magnetic field inside neutron stars cannot be larger than a couple of times 10 18 G [37, [44] [45] [46] [47] .
As numerical calculations show, there are substantial changes in masses and radii for neutron stars that possess strong magnetic fields, but the change comes mainly form the pure magnetic field contribution to the energy momentum tensor, which is highly anisotropic, as discussed in the previous section. Figure 2 shows the gravitational stellar mass and central enthalpy for families calculated with a fixed dipole magnetic moment. The different lines for each color show (1) effects only from the pure magnetic field contribution, (2) effects from pressure anisotropy and pure the magnetic field contribution, and (3) the effects from Landau levels, pressure anisotropy, and the pure magnetic field contribution . Note that fixed baryon masses (in the case of isolated stars) would imply moving up but at the same time left in the figure, in a way that central enthalpy decreases with magnetic field strength. For more details on the value for the mass increase in magnetic stars (which is of the order of percents in the case of fixed baryonic mass), see for example [27, 48] . Note that it has been shown that such decrease in central enthalpy/chemical potential/density is equation of state and stiffness dependent [48] . In this formalism, the stellar radii are largely modified, as poloidal magnetic fields generate oblate stars, with increased/decreased values of about tens or percent in the equatorial/polar direction, respectively. For extreme magnetic fields, for instance, the ratio r polar /r equatorial can reach values near to 0.5 in the more extreme configurations (near the critical magnetic field after which the star starts to attain a torus geometry). One must note that such extreme configuration and the critical values of the magnetic field depend on the equation of state properties.
Note however that different stellar shapes are generated when toroidal magnetic fields are considered [49] . Although it is understood that the long-term stability of magnetic stars requires poloidal and toroidal components, those configurations are much more expansive to model numerically; see Ref. [30] .
Evolution Aspects
Finally, we now investigate evolutionary aspects of the magnetic field. One must notice that in previous sections the aspects of the magnetic fields on neutron stars were studied under the assumption that such fields are static (or quasi-static). This does not need to be the case, and, in fact, observations show that the magnetic field in neutron stars is evolving. In this section we propose a phenomenological model for the evolution of magnetic fields that may affect indirectly (by masking the true age of the star) and directly (by generating heat) the thermal evolution of magnetized neutron star. We note, however, that we perform such studies independently, that is, ignoring micro and macroscopic effects. We stress that a complete, self-consistent study must take all of this into account, which is our ultimate goal for future investigations. For now, we focus in the objects known as XDINS. These are a few objects first detected by the ROSAT All-Sky Survey that are radio quiet but exhibit bright emission in the soft X-Ray band [50] . These objects do not exhibit non-thermal hard emission and their spectra are blackbody-like [51] . Furthermore, there is no known association with any supernova remnant, which could indicate that these objects cannot be too young [51] . Considerable information regarding the spin properties of XDINS has been collected along the years; see Table 1 for a summary of them. As shown in Table 1 , the temperature obtained from their blackbody-like spectra (in the range of 0.6-1.4 × 10 6 K) is normally associated with young neutron stars, however their long periods and absence of radio emission (both of which are normally observed in young neutron star) may indicate that these objects are not too young. Furthermore age estimations based on their spin-down properties, namely the spin-down age τ SD ≡ P/(2Ṗ), indicate very old ages. Evidently, the spin-down properties may not be a good indicator for the true age of the neutron stars [53] , since it makes a series of strong assumptions, in particular with respect to the magnetic field that is assumed to be constant throughout the evolution. On the other hand, if the temperature of these objects is to be explained solely due to their young age, they would have to been born with very high magnetic fields or unusually long periods, as to explain how they can attain such long periods during their thermal evolution life [51] . This presents a challenge: how to explain such objects that show temperature of young neutron stars and rotation properties of old ones, when evidence indicates that they can be neither? We attempt to answer this question by computing the neutron star thermal evolution combined with a magnetic field evolution model. We show that the combination of their age, masked by the magnetic field evolution, plus the thermal emission, and in some cases possibly with some moderate internal heating source, could indicate the true age of these pulsars to lie in the intermediary range, i.e. between young and old ages. This result is in agreement with recent measurements of the proper motion of three XDINS, that indicate the age of at least of these stars approximate to be 4 × 10 5 years.
For that purpose we consider the thermal evolution of these objects, by making use of state of the art cooling calculations [62] [63] [64] . We employ the most recent thermal emission and cooling mechanisms available, that have also been used to explain the thermal properties of the cooling neutron star in Cassiopeia A [62, [65] [66] [67] . In addition, we also consider a phenomenological model for the magnetic field evolution, first considering the magnetic field decay that could be used to explain the heat deposit in the neutron star crust [51] , and also the magnetic field emergence (growth) after an initial hyper-critical accretion, followed by a final magnetic field decay (see Refs. [68] [69] [70] [71] , and references therein). We show how the thermal/spin properties of the XDINS may be explained in such scenario with and without the need of a heating mechanism.
Magnetic-Thermal Evolution
Here we aim to reconcile the observed properties of XDINS (in particular their thermal behavior) with the current trends on the theory of neutron star cooling. As mentioned before, if one uses the current models for neutron star thermal evolution and the observed properties of XDINS, namely T bb and the spin-down age P/(2Ṗ), one obtains a clear disagreement, as shown in Figure 3 .
For the cooling calculation of Figure 3 we used a neutron star whose microscopic composition and equation of state (EoS) is given by the APR model [72] . The neutron star mass for this particular calculation is 1.55 M . Furthermore neutron and proton pairing are assumed to take place in the star such that agreement with Cassiopeia A is possible [65] [66] [67] . Figure 3 shows that the XDINS seem to be much warmer than what is predicted for their ages. This would indicate that, either there is a powerful heating mechanism (unbeknownst to us) that is keeping these objects warm at old ages, or, these objects are much younger than their apparent age. There is, of course, the possibility of both. As discussed above, the spin-down age is a far cry from a reliable measurement of the true age of a neutron star. In the few cases in which both the spin-down age and the kinematic age have been estimated, they were usually off by thousands of years [73] . Even for XDINS, the few cases in which it was possible to estimate the kinematic age, it has been found that the neutron star must be younger than what their spin-down age indicates (see [53, 74] , and references therein). A possible way in which the spin-down age of an object would be different than the actual age of the object is if the magnetic field of the star evolves over time. Several mechanisms have been proposed to explain the variation of the magnetic field, e.g., ohmic dissipation and ambipolar diffusion (both responsible for the decrease of the magnetic field) [53] . There has also been proposed that the magnetic field may be initially buried in the neutron star crust, due to a stage of hyper-critical accretion [71, 75, 76] , followed by an increase over time [70] .
Here, rather than assuming a particular model for the magnetic field evolution, we choose a phenomenological approach, that gives us the freedom to investigate different relaxation and evolution times for the magnetic field, as to investigate under which conditions the magnetic field evolution may lead to an agreement with the observed spin-down age and thermal properties of XDINS. This study does not exclude the possibility of heating also taking place; actually, the agreement with observed data can only be improved if heating is present.
We start considering the possibility of the object being born with a magnetic field that undergoes a decay over time. We adopt a function for the magnetic field decay in the form of a smoothed top-hat with the parameter τ D indicating the relaxation time. We study different relaxation times for the magnetic field decay, as indicated in Figure 4 .
Applying the magnetic breaking model for such magnetic field evolution, one can find the relevant rotation quantities, such as the rotation period and period time derivatives, which allow us to calculate the estimated spin-down age, τ c = P/(2Ṗ), and contrast it to the real age of the object. This is shown in Figure 5 . We must stress that the spin-down age τ c = P/(2Ṗ) is only valid for the canonical case where the magnetic field is constant, which, evidently is not the case here. We have, however, chosen to use the quantity τ c = P/(2Ṗ) as a parameter, even though we are not considering a constant magnetic field, since this is how the spin-down age is estimated based on observational data (such as that in Table 1 ). Therefore, by doing that, we make sure we are comparing the same quantities. This is, in fact, an important point of this work, that we must look at the quantity τ c = P/(2Ṗ) as an observational parameter, rather than a true reflection of the age of the star. As one can see in Figure 5 , in the initial stages of evolution, the spin-down age differs very little from the true age. At later stages of evolution, we have a deviation from the canonical case, with the spin-down age indicating an age much older than the actual age of the star. This result shows, as discussed before, that comparing the observed temperature of neutron stars with their observed spin-down age may erroneously indicate than an object retains high temperature at later ages. We show this by calculating the temperature evolution of the same neutron star used in Figure 3 , undergoing the magnetic field evolution depicted in Figure 4 . These results are shown in Figure 6 . Obs. Figure 6 . Thermal evolution of a 1.55 M neutron star undergoing magnetic field decay. The solid washed gray line represents the temperature as a function of the real age of the object. For the other curves the x-axis represent the spin-down age observed. We also plot a few arrows depicting the discrepancy between the true and spin-down age.
As indicated by Figure 6 , by using the spin-down age as a measurement of the age of the object, one may believe that a neutron star is much older than reality. One also sees that for stronger magnetic field decay (those that take place more quickly, with lower relaxation times), the deviation from the real age of the object becomes more pronounced. For instance, as can be seen from Figure 6 , a star with surface temperature of 10 6 K may appear to be 10 6 years old as measured by the spin-down age while, if we assume that the magnetic field is decaying with τ D = 10 3−4 years, the star has a real age of approximately 5 × 10 4 years (see red arrow in Figure 6 ). The interesting fact of this result is that, if the magnetic field is indeed undergoing a decay process, we may use the observed temperature to estimate the age of the star, or, conversely, if we know the age of the star from other measurements, for instance kinematic estimates, we can then determine how the magnetic field of the object is evolving.
Based on the results just discussed, we can conclude that if the only reason of these objects appearing to be warm at old ages is due to magnetic field decay, the warmer the temperature of the object the stronger the magnetic field decay needs to be. This is due to the fact that high temperatures are associated with younger stars (if no heating is assumed, as is the case for now), thus only with a strong magnetic field decay one can explain the high deviation from the real age of the object. For lower observed temperatures, a moderate magnetic field decay is enough, since a lower temperature does not require very young ages. Our conclusion is that for objects with the highest temperatures it is unlikely that only the magnetic field decay and the consequent deviation from real age are enough to explain their observed properties. For those cases, a heating source may be necessary. For the high temperature objects in Table 1 , if no heating is present, the real age of the star would be ∼10 3 years, and the magnetic field would have to strongly decay in a matter of 10 3 years as well. This seems to be an unlikely scenario. As for the objects with lower temperatures, one may not need to resort to heating, since a moderate magnetic field decay with relaxation times τ D = 10 3−5 years would be enough to explain their temperatures, and the real age would be around 10 4−5 years. It is important to notice that measurements of the proper motion of three of the magnificent seven have yielded to kinematic ages lower than the spin-down ones [53] ; Furthermore, as mentioned before, the new distance calculated for RXJ1856.5-3754 [74] , implies a kinematic age of 5 × 10 4 years, in agreement with the age we estimate for the moderately warm XDINS.
Complex Magnetic Field Evolution
In addition to the above study of the magnetic field decay scenario, we proceed now to consider as well a somewhat more complex situation. As it has been proposed in Refs. [68, 71, 77] , after a hyper-accretion phase at the early stages of evolution, the magnetic field of a neutron star may be buried into the crust of the object. In the stellar core-collapse scenario (including catastrophic collapse of an iron core, generating a shock wave, and the dramatic ejection of the star envelope), the residual compact remnant could be a neutron star immersed in a dense environment. Such just born neutron star may be exposed to an hyper-accretion phase from fallback material a few seconds after the supernova event [78] . When the ejected matter collides with denser external layers, it is bifurcated and a reverse shock is formed. In that case, some part of ejected material continues on its way to the outside where the hydrodynamics effects are not very important, while another part of the material fallback onto the surface of the proto-neutron star. This reverse shock allows to deposit large amount of matter onto the proto-neutron star surface forming a new crust and hiding there any initial configuration of the magnetic field of the star, as it was shown in Ref. [71] . In that case, the magnetic field may be buried. After the hyper-accretion phase ends and the residual envelope of the newborn neutron star vanishes, the magnetic field can suffer a growth phase, emerging from the crust and appearing as a delayed-off pulsar, as it was pointed out in [68, 70] . When the magnetic field is buried on the stellar surface, it can be amplified by compression due to the strong accretion and by a turbulent dynamo. In this scenario, the magnetic field could grow to higher values than those estimated for XDINS and then suffer the familiar decay stage as we studied above.
We now investigate such scenario by considering, as before, a phenomenological evolution for the magnetic field that takes into account the emergence and decay phase. We consider a two smoothed top-hat analytic function that take into account the early growth and the later decay. We consider all growth to have the same relaxation time, as indicated in Figure 7 , and only vary the relaxation time of the magnetic field decay (τ D ). Such magnetic field evolution is represented in Figure 7 . We show in Figure 8 the spin-down age over the true age of the star of a neutron star whose magnetic field undergoes such an evolution. This result shows us that initially the spin-down age is slightly higher than the true age (reflecting the growth of the magnetic field), followed by the a behavior equal to the canonical case, since once again the magnetic field is constant. Later, at the onset of the magnetic field decay, we see the same deviation from the canonical case as the previously studied case, with the spin-down age indicating objects older than their real age. As expected, since at this epoch the behavior is the same as in the decay-only scenario, we see that for stronger (faster) magnetic decays we obtain stronger deviations from the canonical case. . Spin-down age (P/2Ṗ) over the true age of the star as a function of the real age for a neutron star whose magnetic field emerges, after the burial due to a hyper-accretion phase, and then it is followed by a decay.
We now calculate the thermal evolution of the same neutron stars that we have followed in this investigation, except now considering such magnetic field evolution. This, as it was the case before, allows us to keep track of their real and spin-down age and, by using the observed temperature and spin-down parameters (particularly P andṖ), we can probe which magnetic field evolution would be appropriate to explain such observed quantities without resorting to any heating mechanisms. The thermal evolution calculations are shown in Figure 9 .
As the case we studied before, we see that the magnetic field decay may lead one to believe that a neutron star is much older than reality (see black arrow in Figure 9 ). The emergence of the magnetic field has little impact on the spin-down age at later stages, thus we cannot use the thermal evolution to determine whether or not such emergence occurs. The same conclusions for the decay-only case hold here: the best scenario to describe the observed properties of the XDINS (without resorting to any heating mechanism) would be a magnetic field decay with relaxation time of the order of τ D = 10 3−5 years. This is true to the objects that are moderately warm, those that are hotter would need a more violent magnetic field decay, which would also indicate that they are actually much younger. As mentioned before, we believe that this is an unlikely scenario, due to the lack of evidence that such objects are much younger than 10 4 years. With the exception of the washed gray curve, which shows the real age, the curves represent the temperature as observed by an observer at infinity as a function of the spin-down age (P/2Ṗ). We also indicate by the arrow an example of the discrepancy between the true and spin-age (to avoid cluttering the image we only show one arrow).
Finally, we briefly consider the presence of heating, as to demonstrate that our model does not invalidate such scenario and that, in fact, it benefits from it. As mentioned before, we believe that the warmer objects of Table 1 would be better explained by a combination of heating and magnetic field decay. We have seen that the latter alone would indicate that these objects are undergoing a rather fast magnetic field decay (of the order of ∼100-1000 years) and that they would need to be very young (as to explain their high temperature). On the other hand, if their temperature is to be explained solely by heating, a considerable amount of continuous heating would be needed to keep such objects so warm at such old ages. We thus consider a heating source that is uniformly distributed along the crust of the neutron star, with an intensity of H ≈ 10 16 erg s −1 cm −3 , that is active for ∼10 4 years. The magnetic field evolution is the same as we have used in the previous calculations.
As it is shown in Figure 10 , the presence of a heating increases the temperature of the neutron star while the heating source is active. With this, one can now explain the high temperature observed in a few XDINS as a result of a magnetic field decay with τ D ∼ 10 4 years combined with a heating acting with a relaxation time also of ∼10 4 years. In this scenario, as indicated in Figure 10 , the true age of the object would be ∼10 5 years, rather than ∼10 3−4 years, as it would be in the absence of heating. Evidently, one could argue that a hypothetical source of heat could be active for 10 6−7 years, thus solely explaining the high temperature of these stars. We cannot rule out this possibility; however, we believe that the combination of moderate heating plus a magnetic field evolution that masks the true age of the star is a more realistic scenario, since the explanation based only on the existence of a heating source would need a very large internal energy-power (Ė H ∼ 10 34 erg s −1 ) active for very long times of the order of 10 6−7 years. Our results indicate that the magnetic field decay works well to explain the moderately warm XDINS (with T < 10 6 K). For the higher temperature XDINS, such scenario seems far fetched since it would require a rather fast magnetic field decay (τ D ∼ 10 2−3 years) and a stellar true age of 10 3−4 years. We believe that for such objects a moderate source of heating might be necessary. To illustrate that, we considered a heating source of H ≈ 10 16 erg s −1 cm −3 acting in approximately the same timescale of the magnetic field decay, i.e., 10 4 years. We find that with such heating, the magnetic field decay shows a more palatable situation for the warmer XDINS, that may, under this scenario, be explained with a magnetic field decay with τ D = 10 4 years, leading to a true age of 10 4−5 years. We stress, once again, that we cannot rule out the presence of intense heating that acts on the neutron star for 10 6−7 years, making the magnetic field decay unnecessary. We believe, however, that the combination of magnetic field decay with a moderate heating source is a more realistic scenario, specially in view of the recent results regarding the kinematic age of a few XDINS [53, 74] that indicate that such objects may be younger than the spin-down age indicates, with a true age ∼4 × 10 5 years.
One must note that other authors have investigated the evolution of magnetic fields taking a less phenomenological approach, based on numerical simulations; see, for instance, [79, 80] . Such approach is certainly interesting, although different of our purpose in the research we present here, where rather than investigate a particular evolution model we chose to investigate a whole set of them, which, when compared to observed data, allow us to best choose the most likely behavior of the magnetic field evolution. Evidently we have no microscopic information, and we must eventually look for a microscopic model that agrees with the conclusions reached by our investigation, and for that one must resort to simulations as those found in [79, 80] . Although beyond of the scope of this work, we have briefly compared our results with those of [79, 80] , and found that they are, for the most part compatible. In these studies, the authors presented numerical results of the magneto-thermal evolution of isolated neutron stars, including the most relevant physical parameters. They found that certain thermodynamic mechanisms in the inner crust of the neutron star are responsible for the high dissipation of the magnetic field on time-scales 100 kyr, which is compatible with our phenomenological approach that allow us to explore interesting characteristics of such evolution without the need for intensive numerical work. We also note that the authors in [81] have shown that including Hall effect in their numerical simulations leads to a saturation of the magnetic field evolution within 100 kyr, allowing a slow and sustained decay. The conclusion is that the most energetic behavior occurs while the star is young (high magnetic fields involved). This issue support our results that a phase of growth of the magnetic field was subsequent to the hypercritical regime of the newborn neutron star.
Finally we stress that most data suggests an unified model for neutron stars whose key parameter is the magnetic field [82, 83] . However, the magneto-thermal model does not explain how neutron stars may be born with such high magnetic fields. If the hidden magnetic field scenario is correct, there exists the possibility that the magnetic field can be amplified (by two or three orders of magnitude) due a turbulent dynamo effects inside the neutron star crust in a timescale of months, and then subsequently undergo a phase of growth appearing as a delayed switch-on pulsar, several years after the supernova event, which may explain the highest magnetic fields associated with magnetars. Following that, the neutron star continues its canonical evolution until the thermo-magnetic effects can be relevant and cause the magnetic field to decay at the aforementioned time-scales. This phase of amplification of the magnetic field in the crust requires an intensive numerical treatment that is outside the scope of this work. But we aim to explore this possibility in a future work, as well as coupling such evolution to microscopic and macroscopic studies.
Conclusions
In this work we studied many ways in which a magnetic field may affect neutron stars, starting with the microscopic composition, going through the stellar structure, and culminating with evolutionary aspects. As we have shown, the proper account of the magnetic field in these different realms is no ordinary task. It is, however, imperative to do so. As we have seen, the magnetic field plays an important role in all regimes of the neutron star, altering its composition, affecting its structure and geometry, and being a key factor for the neutron star evolution.
For the composition, our study shows that the magnetic field may suppress the appearance of hyperons and the quark-matter phase transition, leading to a substantially different particle composition when compared to a neutron stars with small or vanishing magnetic fields.
In the macroscopic realm, we have discussed the formal aspects under which a dipolar magnetic field needs to be considered under the light of general relativity. We have shown that the presence of a dipolar magnetic field causes the fluid to become anisotropic and we identified the shear stress caused by it. We have also numerically calculated the structure of highly magnetized neutron stars and have shown that high magnetic fields can lead to more massive objects.
Finally we have shown that a better comprehension of the magnetic field evolution in neutron stars is fundamental for being able to accurately estimate the ages of XDINS. We propose to use XDINS as a way of probing the magnetic field evolution, by making use of the observed spin-down properties (particularly the spin-down age) and thermal properties. By making use of kinematic observations capable of making better estimates of the star's true age, we can use the temperature to determine the most likely scenario for the magnetic field evolution and/or presence of heating. We have found that for moderately warm XDINS there is no need of heating, and a magnetic field evolution with relaxation times of τ D ∼ 10 4−5 years is enough to explain their thermal properties, making their true age ∼10 5 years. As for the warmer XDINS, we have found that a moderate heating is necessary, in addition to magnetic field decay with τ D ∼ 10 4 years, leading to a true age for these objects ∼10 4−5 years.
As thoroughly discussed above we recall that as much as we strived to describe the different ways in which a magnetic field may affect neutron stars, we have certainly not covered all the possibilities. Furthermore, all of the studies we presented were done independently of each other, whereas a more appropriate (and challenging) treatment would consider all aspects on the same framework. That is our goal for future investigations. Considering that now we have a more comprehensive understanding of how the magnetic field affects these three realms (microscopic, macroscopic and evolutionary) we hope to perform self-consistent studies of all of them. That means that the equation of state (microscopic) would be affected by the macroscopic distribution of the magnetic field in the star, as well as the evolution of such fields. Evidently the macroscopic structure as well as the evolution of the object also depend on the microscopic equation of state, making such treatment highly non-linear and challenging, although still warranted if one aims to obtain a more complete description of neutron stars.
